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The influence of spreading, in wavepacket transmission across a potential barrier has
been analyzed, by considering several collisions between a wavepacket and a potential
barrier, in which the initial distance between the packet and the barrier—the launch-
ing distance, is changed. An effective total potential (Bohm’s quantum potential plus
classical potential), has been used, to show that, for suitable classical barrier widths
and heights, light masses, as well as mean collision energies, one should expect an
increase of the quantum transmission factor as the initial wavepacket—barrier distance
is decreased. Numerically converged time-dependent wavepacket propagation calcula-
tions confirm that trend, leading to an increase as high as 20% per �, in thin square
and Eckart barrier problems. Possibilities of experimentally measuring this effect are
also analyzed.

KEY WORDS: Wavepacket propagation, quantum transmission, tunnel effect, Bohmian
mechanics, quantum hydrodynamics, time dependent discrete variable representation
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1. Introduction

The transmission of a particle across an external potential energy barrier
is ubiquitous in theoretical studies of quantum systems, as a means of model-
ing a wealth of dynamical processes. In this regard, much work is devoted to
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one-dimensional treatments. The reason is that if one is able to select a proper
adiabatic motion, for defining the external potential, as well as an adequate
coordinate to display the transmission process, then it is found that the essential
physics is often retained. It is much frequently the case, for instance, in optics,
atomic and molecular physics, including chemical reactions, spectroscopy, as well
as solid-state physics [1].

For several decades, the quantum transmission problem has been solved by
means of tailored methods, based on the time-independent Schrödinger equation
[2]. For simple model potentials, exact analytical solutions are available. On the
other hand, numerically exact solutions, for virtually any other kind of poten-
tial profiles, have been obtained, leading to a nearly complete characterization
of physical phenomena. Direct, compound (resonance) scattering, back-reflec-
tions, as well as several forms of tunneling, either static or dynamic, have been
described to great accuracy [3].

More recently, efficient forms of time-dependent wavepacket (TDWP) meth-
ods have been developed [4]. However, envisioning transmission problems within
the TD context adds new ingredients. For instance, the use of WP, in place
of fixed-energy wavefunctions, brings one additional degree of freedom, namely
specifying how a plane wave superposition is built up, so as to set the initial
shape, width, and mean velocity of the packet. At this point, some questions
emerge: does the WP shape, width, for a given mean translational energy, affect
the transmission factor? Even more, does the well known, but usually ignored,
phenomenon of WP spreading make any influence in this transmission factor?
These are questions that, needless to say, are meaningless in the time-indepen-
dent picture of dynamical processes. However, if the TDWP picture has any spe-
cific role to play, namely a more complete view to quantum motion, or a better
definition of the quantum-classical correspondence, then the above issues have to
be properly addressed.

Some years ago, Skodje and Truhlar [5] did a quite comprehensive study
of WP propagation, showing that transmission across a potential barrier was
dependent, for a given mean translational energy, on the shape, width, as well
as, more surprisingly, on the initial launching distance, i.e., the t = 0 separation
between the WP and barrier centers. However, an explanation for the latter of
the above results was not given.

On another hand, Muga et al. [6] performed an analytical study of trans-
mission processes, under delta-function barrier potentials, for a particular initial
state chosen so far to allow for analytic integration of the transmission factor. A
main result has been that no negative momenta, in the initial packet, contribute
to transmission, along with the fact that, for sufficiently large initial distances,
the transmission is independent of the initial location.

More recently, some of the authors performed a study of WP transmission
across one–dimensional barriers, under the Bohmian perspective [7]. Their results
strongly suggest that, when spreading is non-negligible, the transmission yields



352 M.F. González et al. / Analysis of quantum transmission

the very same Skodje–Truhlar’s effect. In other contexts, e.g., optics and particle
physics, spreading has been given an important role. For instance, it has been
argued that it should be taken into consideration for a proper account of CP
violation [8].

The above phenomenon, namely the dependence of transmission on the
initial particle–barrier distance, is intringuing. One may naively expect that the
distance traveled as a free particle, i.e., as long as the particle packet does not
overlap the target potential, does not affect any of its transmission properties.
A classical-like interpretation tells that the particle experiences no force, so that
it keeps moving at constant velocity, for the initial part of the trajectory, which
is the part that changes, as the distance between the particle and the barrier is
changed. However, quantum-mechanically it is well known that it is not the case.
In this regard, the Bohmian view is very useful, for it shows (see below) that
even the free particle, conveniently described by a WP, is subject to the quan-
tum force. It may thus have some effect as, for instance, it is well known to be
the origin of spreading. In any case, it is not clear under which conditions this
effect is remarkable enough, so as to be taken into consideration.

Our wish, with the present work, is to provide a quantitative check of
such phenomenon, as well as an analysis of its origin. To this purpose, the
remainder of the paper is organized as follows: section 2 describes the theoret-
ical approach, as well the method of computation for the transmission factors.
Section 3 presents the results so far obtained, along with a discussion, that even-
tually focuses on some experimental possibilities of measuring the influence of
spreading, in both molecular and electron conduction processes.

2. Theoretical approach and calculation method

One may state the present problem as follows: consider a system, or simply
a particle, set to collide against an external potential barrier. Then our ques-
tion is: under which conditions, if any, one may obtain that quantum transmis-
sion does depend on spreading? It may seem at first difficult to tackle directly
the spreading phenomenon. However, the possibility of preparing and control-
ling WP, under well-defined spatial and temporal conditions, tells that one may
get a measure of it, simply by studying the influence of the distance traveled as a
free WP, in, e.g., transmission across an external potential barrier, for the spread-
ing of a free gaussian WP is well known. Consequently, in the present work, we
have put the influence of spreading in geometrical terms, so that the right ques-
tion is whether the initial launching distance has any influence in the transmis-
sion factor.

To that purpose, the standard Schrödinger formulation readily brings some
remarkable data. If one expands the initial, t = 0 WP, in terms of the true
eigensolutions of the collision problem, one gets substantially different linear
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combinations, as the initial packet is placed at different initial distances. This
above statement may be better understood with the aid of figure 1, where the
expansion coefficients, in terms of the energy eigenvalues, have been plotted for
several initial launching distances, for a WP set to collide against a square poten-
tial barrier. It is observed that the coefficients describe the same overall trend,
but the specific values for each initial distance appear to change, in some cases
quite importantly. These changes are larger, the lower is the eigenvalue so far
considered. This behavior may be explained on the basis that the lower eigen-
values are those most affected by the presence of the square barrier, in the
sense that a lower frequency of the eigenstate facilitates perturbing it to larger
distances away from the barrier.

Figure 1. Left vertical panel: statement of the problem; four initial WP, at four different starting
positions, set to collide against a square barrier. Blue trace: initial WP density. Green trace: a thin
square barrier, the width being set small enough to maximize the tunneling transmission. r0: ini-
tial launching distance, measured from the midpoint of the square barrier. Right vertical panel:
square modulus of the expansion coefficient, as a function of the energy eigenvalue, for the cor-
responding (left) initial WP. Only the coefficients for the first 75 energy eigensolutions are shown.
Eigenvalues are ordered according to increasing energy. Notice that the energy eigensolutions are
not plane waves, but rather distorted plane waves owing to the perturbation caused by the square

barrier.
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Results from figure 1 are clear evidence that the transmission factor may
change with the initial distance. This effect also evidences that none of the initial
conditions might be regarded as asymptotic. This statement provides an initial
clue for explaining the present results, since it is well known that a free evolving
WP has an overlap with a plane wave (the asymptotic eigensolutions), which is
independent of position.

This change in coefficients, however, describes a very complex pattern, so
that it is not possible at this stage to extract any regularity, namely whether
transmission increases with an increase in the distance, or the opposite. We have
found instrumental, in order to get a deeper insight, recasting the transmission
problem within Bohm’s formulation of quantum mechanics [9]. As it is well
known, this means that the TD Schrödinger equation is expressed as quantum
hydrodynamics differential equations:

∂S(x, t)

∂t
+ (∇xS(x, t))T (∇xS(x, t))

2m
− h2

(8π2m)

∇2
x R(x, t)

R(x, t)
+ V (x) = 0, (1a)

∂ R2(x, t)

∂t
+ ∇T

x

(
R2(x, t)∇xS(x, t))

m

)
= 0, (1b)

where the superscript T means transposed, R2(x, t) is the density, S(x, t) is the
action, ∇T

x = (∂/∂x1, . . . , ∂/∂x N ), and ∇2
x = ∇T

x ∇x = ∂2/∂x2
1 + · · · + ∂2/∂x2

N ,
being N the dimension of the vector x. Here, R(x, t) and S(x, t) are the real-
amplitude function and the real-phase function, respectively, of the wave func-
tion solution of the TD Schrödinger equation. Equation (1), along with the
so-called Bohm’s guidance relation, ∇xS(x, t) = p, being p the linear momentum,
puts explicit the strict formal equivalence between equation (1a) and the classi-
cal Hamilton–Jacobi equation. This equivalence permits to introduce in quan-
tum mechanics trajectories, x = x(t), pursued by points associated to particles
of mass m, so-called also bohmian particles. According to Bohm’s view, at each
point of the space (x, t), the tangent vector of the trajectory, dx/dt |x=x(t), is
equal to the vector field, p/m = m−1 ∇xS(x, τ )|x=x(t),τ=t . Due to this fact,
equation (1b) can be integrated easily by characteristics [10], using the above
relation, dx/dt |x=x(t) = p/m. After some trivial rearrangements, one obtains the
well-known expression:

R2(x, t) = R2
0 exp

(
− 1

mC

∫ t

t0
∇2

x S(x, t ′)dt ′
)

, (2)

where R2
0 = R2(x0, t0) and the subscript C means that the integral is evaluated

along the trajectory x = x(t) that at the time t0 its position is x0 = x(t0).



M.F. González et al. / Analysis of quantum transmission 355

The most important tool, for the purposes of the present work, is the
so-called Bohm’s total potential, defined as:

W (x, t) = V (x) + Q(x, t) = V (x) − h2

(8π2m)

∇2
x R(x, t)

R(x, t)
, (3)

where the term denoted by Q(x, t) is known as Bohm’s quantum potential. It
is important to analyze this term in the context of the whole theory. If we
substitute equation (2) into equation (1a) one obtains, after some rearrange-
ment, Bohm’s quantum potential as a function of the derivatives of S(x, t) with
respect to the position. This leads to a new expression for the first quantum
hydrodynamic equation

∂S(x, t)

∂t
+ (∇xS(x, t))T (∇xS(x, t))

2m
− h2

(8π2m)

{
1

4m2

[
C

∫ t

t0
∇x(∇2

x S(x, t ′))dt ′
]T

×
[

C

∫ t

t0
∇x(∇2

x S(x, t ′))dt ′
]

− 1
2m C

∫ t

t0
∇2

x(∇2
x S(x, t ′))dt ′

}
+V (x)=0. (4)

The integro-partial differential equation (4), along with the multiple-valued con-
dition of the action function, namely S′(x, t) = S(x, t) + nh, being n an integer
number, is equivalent to the TD Schrödinger equation.

According to equation (4), the quantum potential term Q(x, t) is, in fact,
the shape of the local kinetic energy [11]. The importance of Q(x, t) stems on
the fact that, thanks to (4), quantum dynamics under V(x), is totally equivalent to
classical dynamics, even though trajectories have different total energies. Whether
or not the latter statement is relevant, is readily seen when one uses Q(x, t)
+ (∇xS(x, t))T (∇xS(x, t))/(2m) to describe dynamical problems, like, e.g., a trav-
eling WP colliding against a square barrier. From this point of view, the trans-
lation and “internal” motion of a WP is a result of the initial momentum given
to the set of bohmian particles of the corresponding WP. In other words, the
term Q(x, t)+ (∇xS(x, t))T (∇xS(x, t))/(2m), reflects the WP motion through the
potential V(x) [12].

The latter point of view, although completely correct, is computationally
expensive if one wishes to get a global and comprehensive picture of the quan-
tum dynamics, since it implies to evaluate a set of quantum trajectories. We may
modify the situation by considering W(x, t), given in equation (3), as an effective
total potential rather than a mix of external potential and a kinetic term. If we
take this view then quantum dynamics under V(x), is totally equivalent to classical
dynamics under the effective potential W(x, t).

An example of this situation it is shown, for several time instances, in
figure 2. Notice that we do not calculate trajectories, but only the effective
total potential. For this problem, the classical total potential is zero outside the
barrier, constant and positive inside it. On the other hand, the total potential
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displays an inverted parabola shape in the region spanned by the WP, plus the
squared shape from the classical potential. Contrary to V(x), the total potential
W(x, t) easily accounts for WP spreading. The potential felt by the traveling WP
density, just an inverted parabola when it is far enough from the classical barrier,
has a gradient changing sign across the WP maximum, accelerating the WP tails
in opposite directions. Furthermore, as time progresses, the inverted parabola in
W(x, t) widens, accounting for the well–known spreading slowdown as time
increases. Note in passing that the traditional Schrödinger view does not provide
a potential energy diagram that accounts for WP spreading, whereas Bohm’s
view is natural in this regard.

As stated, the dynamics associated to Schrödinger’s probability density is
classical, in terms of the effective total potential W(x, t). This feature may
lead to an enhanced predictive capability, since the kinetic energy term pre-
serves the classical structure, and due to this fact the qualitative dynamics may
be extracted from the effective total potential shape. In other words, one may
use W(x, t) diagrams in a manner parallel—but not identical, owing to W’s
time dependence—to the traditional classical potential energy diagrams are used.
For instance, contrary to what happens with V(x) in Schrödinger’s view, a total
potential barrier is a true barrier, in the sense that no particle may traverse it
without having enough kinetic energy.

In addition, equations (1a) and (2) show that W(x, t) can be taken
as a qualitatively correct indicator of quantum behavior. For instance, it is
simply deduced from (1a) and (2) that the larger is the difference between
W(x, t) and V(x) (i.e., the larger is Q(x, t)), the larger is the difference
between classical and quantum dynamics. Inspection of figure 2, where in
this case N = 1, clearly tells that when W(x, t) is getting closer to V(x)
as time progresses, then WP spreads. This is not surprising, for the defini-
tion of Q(x, t) shows that, for a given density or real positive amplitude,
R(x, t), the quantum potential is smaller, more negative, the larger is the
density curvature or real amplitude curvature, ∇2

x R(x, t), at a given position.
This an alternate form of stating that Q(x, t) depends on the density shape,
rather than on the density value [8]. An immediate consequence of this lat-
ter statement is that, as time progresses, the difference between quantum and
classical dynamical behavior of a free WP changes. At this point, one can-
not neglect the possibility that, if a barrier is to be traversed, the quan-
tum transmission might change depending on how much time the free WP
has had to spread. This means that quantum transmission should depend
on the distance traveled by the WP, between its launching and the ensuing
collision.

The above effect has been inferred from qualitative arguments, thanks to
the possibility of reasoning classically in terms of the TD effective potential
W(x, t). However, these statements require a quantitative check. Given the lack
of complete analytical solutions, for the WP transmission problem [13], it has
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Figure 2. Time snapshots (from 0 to 50 a.u., in steps of 10), for a Gaussian WP colliding against
a square barrier, Vsquare barrier(x), and the corresponding effective potentials, W(x, t). Upper thin
traces: TD wavefunction density. Upper thick trace: classical potential, V(x) (square barrier). Lower
thin traces: TD effective potential, W(x, t). Note that the effective potential, W(x, t), is the sum of
an inverted parabola, Q(x, t) (Bohm’s quantum potential), plus the square barrier, Vsquare barrier(x).
Whereas the square barrier is constant, the inverted parabola travels with the packet and opens as
time progresses, yielding a slowdown of the density spreading. Note also that the classical barrier
is absent in the effective potential, until the parabola is not wide enough. This happens later, the

shorter is the launching distance.

to be performed numerically. Calculations have been performed, in the present
case, using a TD Discrete Variable Representation (DVR) method. It is based on
expanding the TD wavefunctions, in terms of stationary solutions of the com-
plete problem, via a previous expansion of the latter in terms of sinc DVR basis
functions [14]. The main advantage of this method is that it yields an especially
simple matrix time-propagation algorithm, highly efficient for low-dimensional
problems. The TD wavefunction is calculated from the expression:

y(t) = LT tLj0, (5)

where y(t) is the vector, of dimension M, containing the total wavefunction at
each grid position, at time t, t is a diagonal matrix with diagonal elements,
{exp(−i E j t/�)}M

j=1, being, {E j }M
j=1, the set formed by the true eigensolutions of

the complete problem (not plane wave energies), L is the eigenvectors matrix
associated to the DVR–stationary basis change, whereas j0 is the vector corre-
sponding to the initial WP, with components corresponding to its value at each
grid position. The initial WP is chosen to be of gaussian, coherent-state form:
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ϕ0(x) =
(

2σ 2
0

π

)1/4

exp
{
−σ 2

0 (x − x0)
2 + i p0(x − x0)

}
, (6)

where (x0, p0) establish the center of the packet, whereas σ0 is a parameter
related to the initial gaussian width.

3. Results and discussion

Figure 3 shows a case where two WPs, that have started to travel, at the
same velocity or momentum, from different launching distances, are plotted at
an instance they overlap the barrier. This instance, which is dependent on the
initial WP position, has been set so that the total potential reaches the classi-
cal value, at the left edge of the square barrier. The corresponding total poten-
tials are also shown. It is clear that W(x, t) for the second case is less negative,
or more positive, than W(x, t) for the first WP, for the density fraction located
on the barrier (and even in the close vicinity of it). Therefore, equivalent frac-
tions of the packets experience different classical–like effective potential energies,
W(x, t), leading to smaller classical-like kinetic energies, (∇xS(x, t))T (∇xS(x, t))/
(2m), for the packet launched from a farther distance. It is important to notice
that this behavior is linked to how much time the packet has been spreading.

Figure 3. Two selected snapshots, for two WP that started at different distances from the square
barrier. The snapshots correspond to the instance where the total potential reaches the classical
value, for the left edge of the potential barrier. It may be evidenced, simply by visual inspection, that
the transmitted area for the WP starting at r0 = −2 is larger than the WP that started at r0 = −4.
This feature correlates with the more negative value of the total potential, the shorter is the time

the WP has had to spread, before colliding against the potential barrier.
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Hence one should conclude that the WP should lead to a smaller transmission,
the larger is the launching distance.

This transmission factor has been calculated numerically, as a function of
the initial launching distance. This factor, defined as the quotient between the
transmitted and the incident areas, has been simply calculated as the transmit-
ted area, for sufficiently large times, since the t = 0 WP has been normalized to
unity. Calculations have been performed for a grid of mean WP energies, which
cover a representative energy range, from the deep tunneling region and up to
five times the barrier height.

Convergence has been a delicate issue in the present work. In particular, a
careful, comprehensive check has been performed, to eliminate any dependence
of the transmission factor on the grid spacing and size. Concerning the grid
spacing, a typical feature in DVR-based methods, it has been found that above
200 points results change by less than one part in 10,000. On the other hand,
table 1 shows results corresponding to the convergence test for the grid size,
a delicate parameter since one has to avoid any finite size dependence, for the
study of an open problem. Table 1 clearly shows that the grid dimensions do not

Table 1
Convergence test for the transmission factor, as a function of the grid size (L). The square barrier is
placed at the mid-point of the grid, so that the launching distances (r0) are measured after shifting
the origin to the square barrier center. Horizontal axis stands for the mean WP energy, whereas the

vertical axis includes several initial launching distances (r0) and grid sizes (L).

0.012 0.034 0.049 0.087 0.110 0.165

r0=−1
L=20 0.601179 0.850493 0.908145 9.6837E-01 9.8136E-01 9.9226E-01
L=25 0.601179 0.850510 0.908178 9.6846E-01 9.8156E-01 9.9239E-01
L=30 0.601179 0.850519 0.908198 9.6852E-01 9.8164E-01 9.9254E-01
L=35 0.601179 0.850520 0.908203 9.6854E-01 9.8168E-01 9.9259E-01

r0=−2
L=20 0.413662 0.797235 0.873554 9.5641E-01 9.7538E-01 9.9057E-01
L=25 0.413662 0.797252 0.873587 9.5649E-01 9.7550E-01 9.9071E-01
L=30 0.413662 0.797256 0.873599 9.5653E-01 9.8577E-01 9.9082E-01
L=35 0.413662 0.797256 0.873601 9.5654E-01 9.7559E-01 9.9085E-01

r0=−3
L=20 0.228515 0.715515 0.815485 9.3244E-01 9.6212E-01 9.8573E-01
L=25 0.228515 0.715528 0.815512 9.3251E-01 9.6223E-01 9.8589E-01
L=30 0.228515 0.715529 0.815518 9.3254E-01 9.6228E-01 9.8596E-01
L=35 0.228515 0.715529 0.815519 9.3255E-01 9.6230E-01 9.8597E-01

r0=−4
L=20 0.0994768 0.610829 0.733551 8.9179E-01 9.3745E-01 9.7428E-01
L=25 0.0994768 0.610836 0.733570 8.9185E-01 9.3755E-01 9.7440E-01
L=30 0.0994768 0.610836 0.733572 8.9187E-01 9.3758E-01 9.7444E-01
L=35 0.0994768 0.610837 0.733573 8.9186E-01 9.3759E-01 9.7444E-01
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Figure 4. Transmission factor, as a function of the WP’s mean energy, p2
o/2m, for several initial

launching distances, for the square and Eckart barrier problems. The classical potential barrier
height has been set, in both cases, to V = 0.04 a.u., as indicated by the vertical arrow on the hori-
zontal axis. The width of the square barrier was set to 0.05 a.u., whereas the mass of the traversing
particle was set to m = 367 a.u. Distances are defined with respect to the center of the barrier, so
that the WP collisions proceed from left to right. Note the upper trace, for the square barrier case,
corresponding to the transmission factor, as a function of total energy, for a stationary plane wave.

have any influence in the numerical results, for the complete range of mean WP
energies, as well as initial launching distances.

Figure 4 shows the results corresponding to converged calculations of
the quantum transmission factor, for a coherent-state WP colliding against a
square and an Eckart barrier. These results have arisen after a comprehensive
exploration of masses, barrier widths and heights, as well as initial WP widths.
It has been found that, the larger is the tunneling contribution to quantum
transmission, the larger is also the dependence of transmission on the initial
launching distance for a given energy. Figure 4 shows this effect, for a set of
parameters, which make this dependence sufficiently large. Consequently, results
show that the quantum transmission factor is dependent on the initial launch-
ing distance traveled by the packet, as a free WP. In particular, figure 4, square
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barrier case, shows that the transmission factor is lower, the longer is the t = 0
particle–barrier distance. The same qualitative behavior is obtained for an Eck-
art barrier. It is obtained that transmission may vary up to 20% per �, mainly in
the tunneling region but also for energies well above the classical barrier height.

Whether or not the above feature is of general validity requires a further
analysis. It is known that a WP, being a coherent state or not, being gaussian or
not, always spreads as it travels, except for very few, specific cases. Consequently,
it may be regarded spreading as a sufficiently general, key property. However, as
the collision proceeds, the WP may strongly distort its original gaussian form,
so that the spreading concept may turn senseless. A previous work [7] may be
used to make this point much clearer. The authors studied several one-dimen-
sional collision processes, by means of TDWP propagation. It turned out that
the packet keeps most of its gaussian form up to well over the potential barrier.

A remarkable conclusion is then that a main source of quantum effects, in
WP dynamics is the “spreading force,” namely the presence of the inverted effec-
tive potential parabola, W(x, t), aligned to the WP, as shown in figure 2. This
parabola is present in any kind of dynamical problem, as it arises solely from the
own WP density or, in bohmian language, the ensemble distribution of bohmi-
an particles with the corresponding momentum. In collision problems where the
WP has time to spread before it collides, the total effective potential parabola,
W(x, t), has time to reduce its curvature, becoming less negative. This behavior
was described, in our previous work [7], in terms of WP sharpness: sharp WP
profiles lead to a highly quantum particle, whereas smooth WP profiles lead to
a more classical behavior.

It seems, therefore, a general result that quantum transmission, during the
strong interaction between the particle and the barrier, is found to be more
quantum the shorter is the time elapsed between the launching and the passage
over the barrier. This conclusion might be used to complete a well-known anal-
ogy of WP motion [15], whereby spreading is pictured as the smearing shown
by a traveling bunch of bullets, each having a different velocity. This image may
be correct classically but, as shown in the present work, it lacks a fundamental
quantum component. It is a purely quantum feature what is necessary to explain
why the number of bullets actually traversing the barrier changes, as the width
of the packet they define changes at the instance they get across the barrier.

It is possible to provide some quantitative relationships, in order to support
the above statements. The fact that the inverted parabola shape is found to be
the main component in the effective total potential, W(x, t), opens the possibil-
ity of using it to extract some physical insight. The time dependence of an effec-
tive potential, given by an inverted parabola of a propagation of a gaussian WP,
is known analytically [9], being for N = 1:
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W (x, t) = h2

(16π2mσ 2(t))

{
3 − (x − ut)2

2σ 2(t)

}
. (7)

For a given time t’, the inverted parabola is centered at ut’, being u the trans-
lational velocity of the WP. Its second derivative, a measure of the curvature, is

d2W (x, t)

dx2
= − h2

(16π2mσ 2(t))
(8)

so that its time dependence stems purely from the time dependence of σ , the
gaussian width. It is given by:

σ(t) = σ0

⎧⎨
⎩1 +

(
ht

(2πmσ 2
0 )

)2
⎫⎬
⎭

1/2

(9)

with σ0 the initial width at the initial time, σ0 = σ(t0).
Equations (7)–(9) tell that the effective potential experiences a motion,

which may be divided into two components. The first one reflects the drift, or
rigid displacement of the whole WP, at a rate given by u, the central velocity
of the packet. The second component is the opening of the inverted parabola,
which is linked to the time variation of the gaussian width, and thus indepen-
dent of the translational motion. The opening velocity of the effective potential
may easily be accounted for from the rate of change of the gaussian width:

dσ(t)

dt
= ht

(8πm2σ(t)σ 2
0 )

(10)

thus being dependent on the mass of the particle, as well as on the initial and
the current width.

This results show that one may tune the two components of the total poten-
tial separately, simply by acting on the translational velocity and initial spreading
of the guiding WP, from the proper, for instance, inducting photons. One cannot
avoid the conclusion that, for a given translational velocity and mass, one may
enhance future quantum effects, in transmission processes, by tuning the initial
gaussian width and/or selecting an adequate launching distance.

The present physical effect has been estimated to be of general validity, even
though its intensity reduces with increasing barrier widths, masses, as well as col-
lision energies. Hence it may be of experimental relevance. It is possible today to
tame both light and matter WP, so as to control its initial shape and width to
desired, accurate values, and thus provide the experimental conditions that max-
imize the presently reported effect.

In particular, results shown in figure 4 might correspond, concerning the
reduced mass actually used, to a light particle (L) transfer between two heavy centers
(H and H’), in, e.g., collinear triatomic reactions of the type H + LH’ → HL + H’.
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The transmission dependence on the initial launching distance might be sampled,
to great accuracy, using femtosecond laser photoelectron spectroscopy, from stable
anionic states pumped to neutral, rearrangement dissociative curves [16]. This anal-
ysis is supported by a simple quantitative estimation, from equation (10). For short
times (t ≈ 1 a.u.) and masses a fraction of a proton (m ≈ 400 a.u., hence a typical
HLH process) [17], one gets spreading rates of the order 0.25 �/fs. This means that
spreading may be tuned to be non-negligible, for distances and time scales typical of
HLH molecular processes.

On another hand, electron transmission across solid conducting devices
might also provide an adequate experimental framework for its detection, since
deposition of nanoscopic oxide layers provide a kind of alteration in the solid
electronic structure, which is frequently simulated by means of square classical
potential energy barriers. Moreover, being an electron a lighter particle, the asso-
ciated WP should display a sharper profile, enhancing, as it is well known, the
intensity of quantum effects [18, 19]. The same quantitative estimation yields, for
m ≈ 1 a.u. (the mass of the electron) and short times, spreading velocities of
ca. 500 nm/fs, thus being on the same scale than typical experimental processes.
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[19] M. Bargheer, N. Zhavoronkov, Y. Gritsai, J.C. Woo, D.S. Kim, M. Woerner and T. Elsaesser,

Science 306 (2004) 1771.


	Introduction
	Theoretical approach and calculation method
	Results and discussion


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


